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Abstract 

We will prove the non-existence of positive radially symmetric solution of the 
nonlinear elliptic equation ^Av m + av + fix ■ Vu = in R" when n > 3, < m < 

a < and f5 < 0. Let n > 3 and g = v^dx 2 be a metric on R" where v is a radially 
symmetric solution of the above elliptic equation in R" with m = a = ^£ and 
p e R. Forn > 3,m = we will prove that lim r ^ OT r 2 u 1_m (r) = ( "" 1) p ( "" 2) if /3 > ^ > °/ 
the scalar curvature R(r) — > p as r — > oo if either j6 > > or p - and a > holds, 
and linv^oo R(r) — if p < and a > 0. We give a simple different proof of a result of 
P. Daskalopoulos and N. Sesum BDS2| on the positivity of the sectional curvature of 
rotational symmetric Yamabe solitons g = v^-dx 1 with v satisfying the above equation 
with m = We will also find the exact value of the sectional curvature of such 

n+l 

Yamabe solitons at the origin and at infinity. 



Key words: non-existence, nonlinear elliptic equation, asymptotic behaviour, scalar 
curvature, sectional curvature, Yamabe soliton 

AMS Mathematics Subject Classification: Primary 35J70, 35A01 Secondary 35B40, 
58J37, 58J05 



1 



1 Introduction 



In this paper we will study various properties of the solutions of the following nonlinear 
degenerate elliptic equation, 

— -Av m + av + Bx ■ Vv = 0, v > 0, inR" (1.1) 

m 

where 

n-2 

< m < and n > 3. (1.2) 

n 

It is proved in HPS2H by P. Daskalopoulos and N. Sesum that if a metric g is a complete 
locally conformally flat Yamabe gradient soliton with positive sectional curvature, then 
g = v^-dx 2 where v is a radially symmetric solution of (|1.1[) in R n with m = ^| for some 
B > and a = jr^ where p > 0, p = 0orp<0 depending on whether g is a Yamabe 
shrinking, steady or expanding soliton. A similar result on the rotational symmetry of 
complete, noncompact, gradient Yamabe solitons with positive Ricci curvature without 
assuming the local conformally flatness of the solitons is also proved recently by G. Catino, 
C. Mantegazza, and L. Mazzieri |CMM | ] . It is also proved in [DS2] that if v is a radially 
symmetric solution of (|1.1|) in R" with m = ^| for some B > and a = > 0, then 

the metric g = v^dx 2 is a Yamabe gradient shrinking, steady or expanding soliton on R" 
depending on whether p > 0, p = 0orp<0. 

On the other hand suppose v is a solution of (|1.1|) with < m < 1 and n > 3. Then as 



observed by B.H. Gilding and L.A. Peletier ||GP|[ , P. Daskalopoulos and N. Sesum ||DS1|[ , 



HDS21 , M. del Pino and M. Saez El, J.L. Vazquez ED, G2, and others, the function 

u x {x,t) = r a v{xrP) 

is a solution of 

u t = ^—^-Au m in R" x (0, T) (1.3) 

m 

if 

2B-1 

a = 

1 - m 

and for any T > the function 

u 2 (x, t) = (T- t) a v(x(T - tf) 
is a solution of Q) in R" X (0, T) if 

26 + 1 

a = -f- > 

1 - m 

and the function 

u 3 (x,t) = e- at v{xe-^) 
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is an eternal solution of (|1.3|) in R" X (-00, 00) if 

2jS 



a 



1 - m 



The equation also appears in the study of the extinction behaviour of the solution 
of (|1.3|) near the extinction time ||PS1| |. Hence in order to understand the solutions of 
(|1.3|) and the local conformally flat Yamabe solitons, it is important to study the various 
properties of the solutions of Note that v is a radially symmetric solution of if 
and only if 

— - ( (v m )" + ^—^(v m )') + av + Brv' = 0, v > 0, (1.4) 
m \ r I 

in (0, 00) with 

v'(0) = 0, v(0) = 77 (1.5) 
for some constant 77 > 0. In JHJ I have proved that for any n, m, satisfying (|1.2|) and 

B(n - 2) 
a < — and B > 0, 

m 

there exists a unique global solution of (|1.4[) , (|1.5[) . In this paper we will prove the following 
non-existence results for radially symmetric solutions of (|1.1[) . 

Theorem 1.1. Lef m, n, satisfy (|1.2|) and Zef 77 > 0, a < and B < 0. T/zen (|1.4[) , (|1.5|) , /zas no 
solution in (0, 00). 

We will also prove the following property of Yamabe solitons. 

Theorem 1.2. Let n > 3, m = 2 =| / a = and Zef z; fee a radially solution of (|1.1|) . Lei R(x) fee 
f/te saziar curvature of the metric g = v^dx 2 on R". Then the following holds. 

(i) If either 



p = 
B>0 



holds, then 
(ii) If p < and a > 0, f/zen 
(z'z'z) If B > > 0, then 



or B> p/(n - 2) > (1.6) 



lim R(x) = p. (1.7) 

>oo 



lim R(x) = 0. (1.8) 

\x\— >oo 



v 1 i2 i-m/ x ("-!)("- 2) M QX 

lim |x| zr m (x) = (1.9) 

|.r|->oo p 



and 

< \x\ A v L - m (x) < — — — ~' Vx + 0. (1.10) 



,2 i- m/ „x . (n-l)(n-2) 
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We will give a simple different proof of the result of P. Daskalopoulos and N. Sesum 



HDS21 on the positivity of the sectional curvature of Yamabe solitons. We also find the 
exact value of the sectional curvature of such Yamabe solitons at the origin and at infinity. 
More precisely we will prove the following theorem. 



Theorem 1.3. Let g = v+^dx 2 be a rotationally symmetric metric such that v satisfies with 



m = n+2' a = l^m ' wmc ^ zs either a steady Yamabe soliton (p = 0) with a > 0, or a Yamabe 
expanding soliton (p < 0) with a > 0, or a Yamabe shrinking soliton (p > 0) with ft > p/(n — 2). 
Then g has strictly positive sectional curvature. If K and K\ are the sectional curvatures of the 
2-planes perpendicular to and tangent to the spheres {x} x S n_1 respectively, then 

2B + p 

Ko(0) = ^(0) = -£-!fr, (l.H) 
n{n — L) 

limX (r) = 0, (1.12) 

r— >oo 

and 



limKi(r) 



if g is a shrinking Yamabe soliton 



(n-l)(n-2) JO d (i.i3) 

if g is a steady or expanding Yamabe soliton. 



Note that the results (|1.11|) , (|1.12|) and (|1.13|) , are entirely new. The plan of the paper is 



as follows. We will prove the non-existence of solutions of (|1.4|) , (|1.5[) , and prove various 



properties of solutions of (|1.4|) , (|1.5|) , in section two. In section three we will prove the 
asymptotic behaviour of the metric and the scalar curvature of the Yamabe solitons. In 
section four we will give another proof of the positivity of the sectional curvature of 
Yamabe solitons. We will also prove the asymptotic behaviour of the sectional curvature 
of the Yamabe solitons as \x\ — > oo. 



2 Non-existence and properties of solutions of the nonlin- 
ear elliptic equation 

For any /? G R, a + 0, let k = (if a. We first recall a result of ||H|. 
Lemma 2.1. (Lemma 2.1 of /[Hi?) Let m, a + 0, jS + 0, satisfy (|1.2|) and 

ma 

— <n-2. (2.1) 

For any R > and rj > 0, let v be the solution of (|1.4|), (|1.5|) , in (0, R ). Then 

v + krv'(r)>0 in[0,R ) (2.2) 

and 

(v'(r)<0 in(0,R ) ifa>0 
\v'(r) > in (0,R ) ifa<0. 
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Proof of Theorem HTT1 Suppose there exists a solution v for (|1.4|) , ( |1.5| ), in (0, oo). Multiplying 
(|1.4[) by r' !_1 and integrating we have 

r l—lr n - 1 {v m y{r) = -a z n ^ 1 v(z) dz-B z n v'(z)dz 
m Jo Jo 

= - Br n v{r) + («j8 - a) I z n ~ 1 v{z)dz Vr > 0. (2.4) 

Jo 

We now divide the proof into three cases. 
Case 1: > n/3 > a. 
By (ED), 

77 - 1 

„n— 1 l„jn\i i„\ \ I £)|„f!„,/„\ >. /„„ 1 \„,m-2„,r i 



m 



-r"-\v m )'{r) > \B\r n v{r) (n - l)v m ~ l v'{r) > |/3|r Vr > 0. 



Case 2: > a > nB. 

By CLZ]), (2ZQ) holds. Since a < 0, by Lemma 42J} tf'(r) > for any r > 0. Then by (|Z4~l> . 



77—1 — rz/3 lcH 

r n -\v m )'{r) > -Br n v{r) <-r n v(r) = —r n v(r) 

m n n 

for any r > 0. Hence 

(n - l)v m ~ 2 v'(r) >^-r Vr > 0. 

77 

By case 1 and case 2, 

u m -V(r)>dr Vr>0 (2.5) 

where 

Ci = -mm — ,\B\ . 

77-1 V 77 / 

Integrating (|2.5[) over (0, r), 

1 „/,A"J-l\ \ ^!~2 



1-777 



(rf- 1 - ^r)" 2 " 1 ) > — r 1 Vr > 



'-"(f)>f'- (1 ^ )C V ) -+co as r / V2/(Ci(l-m))7]^. 



Contradiction arises. Hence (|1.4|) , (|1.5|) , has no global solution when either case 1 or case 
2 holds. 

Case 3: a < and /3 = 0. 
By (ED), 

1 r* r 

" -r"-V 7 )'(r) = \a\\ s n ~ 1 v{s)ds>Q Vr > 



^7 — 1 \ty\ 
< r n -\v m )'{r) < —r n v{r) Vr > 

777 77 
77 — 1 m\(x\ 

< (y" ! )'(r) < — z;(r) Vr > 0. (2.6) 

r 77 



Hence by (0 and dZ6l) , 



n - 1 / n - 1 
lab = ) M + 



<- 



n-1 



m 



(v m )"(r) + —v(r)\ 
n I 



(v m )"(r) > - 1 ' v(r) 



(v m )r(r) > 



n(n - 1) 

2m 2 \a\ 
n(n - 1)(1 + m) 



Vr>0 
Vr>0 



(v 1+m (r) - t] L+m ) Vr > 0. 



l+m\ 



(2.7) 
(2.8) 



Since v(r) > v(0) for all r > 0, by (|2.7|) y(r) — > oo as r — > oo. Hence there exists a constant 
Ri > such that 

v 1+m (r) > 2rf +m Vr > R t . (2.9) 
By (|Z8l> and (|Z9|) , there exists a constant C 2 > such that 

(u m )^(r) > Chn 2 v 1+m {r) Vr > R a 



U 2 y'( r ) > C 2 



Vr >K X 



v~(r) > \ v(Ri)^~ - 



m-i (1 - m)C 2 



(r - Ri) -> oo as r f R\ + 



_ . m-i 

2v(Ri)— 
(1 -m)C 2 



Contradiction arises. Hence (|1.4|), (|1.5|) , has no global solution in case 3 and the theorem 
follows. 

□ 

Note that if a = j3 = 0, then the constant fucntion v = r\ is a solution of (|1.4|) , (|1.5[) . 
Hence Theorem 11.11 is sharp. As a result of Theorem 11.11 we get the following result of 

Esl. 

Corollary 2.2. (cf. Claim 3.1 of l\DS2V Let n > 3 and r\ > 0. Suppose g = v^dx 1 is a 
complete locally flat gradient Yamabe soliton with radially symmetric v satisfying (|1.4|) , (|1.5|) , with 
m = a = Tt^"' where p - Ofor Yamabe steady soliton and p < Ofor Yamabe expanding soliton 
respectively. Then $ > if p < and ft > if p = 0. 

Lemma 2.3. Lef n > 3, < m < 1, a > np and a > 0, and rj > 0. Suppose v is a solution of 
([L4l> . CCH). TTien 



and 



< rV-'"(r) < 2n } H ^ Vr>0 
; a(l - m) 

n/(r) 



a' 



n(n - 1) 



rV" m (r) + ^ Vr > 0. 
v(r) 



(2.10) 
(2.11) 



Hence v'(r) < Ofor all r > 0. 
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Proof: By (lZ4]> . 



lim v ; w = - 6 lim p(r) - (a - nj8) lim - z n ~ l v{r) dz 

m r^o r r r-»o r r^o r" J 

a - nfi 
= - Bv(0) —v(0) 

= - -17(0) < 0. 

n 

Hence there exists R > such that (v m )'(r) < or i7'(r) < for all < r < R . Let (0,Ri) be 
the maximal interval such that v'(r) < for all < r < R\. Then by (|2.4[) , 



1 

^—r n -\v m y(r)<-Br n v(r)-(a-nB) z^vij) dz = --r n v(r) V0 < r < R x 
m J n 

=> Z7 w - 2 (r)i7 / (r) < ~ n(n a _ 1 ^ V0<r<Ri. (2.12) 

If Ri < co, then by (|2.12|) there exists a constant R 2 > Ri such that v'(r) < for all < r < R 2 . 
This contradicts the maximality of Ri. Hence Ri = co. Thus v'(r) < for all r > 0. Then 
(|2.12[) holds in (0, co) and (|2.11[) follows. Integrating (|2.12|) over (0, r) and simplifying, 



, a{\-m) ,\ ^ /2n(n-l) 



l-m 



i7(r) < n'"" 1 + < — ^ f r" 2 Vr > 

I ' 2n(n - 1) / \ a(l - m) / 



and (210) follows. □ 



Remark 2.4. Ifn>3, < m < ^ and ma > B(n - 2), then a > nB. 

3 Asymptotic behaviour of Yamabe solitons 

We will assume from now on that n > 3, m = and k = B/a for any a + and B € R 
for the rest of the paper. In this section we will study the asymptotic behaviour of locally 
conf ormally flat Yamabe solitons with positive sectional curvature. By the results of MDS21 
we can write the metric of such soliton as g = v^dx 2 where v is a radially symmetric 
solution of in R" with m = jj^f for some B > and a = where p > 0, p = or 
p < 0, depending on whether g is a Yamabe shrinking, steady or expanding soliton. We 
will use R to denote the scalar curvature of the metric g and let 



w(r) = r 2 v x m (r), s = logr, w(s) = w(r). 



Lemma 3.1. Let g = v^dx 1 be a rotational symmetric Yamabe soliton with v satisfying 
with m = and a = j^- for some constant p e R. T/zen the following holds. 

(i) If g is a Yamabe steady soliton or a Yamabe expanding soliton, then R > if a > 0. 
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(ii) If g is a Yamabe expanding soliton, then R<Oifa<0<fi. 
(Hi) If g is a Yamabe shrinking soliton with ft > p/(n — 2), then R> p. 

(iv) If g is a Yamabe shrinking, steady, or expanding soliton with a > 0, then 

<R<a(l-m). (3.1) 

(v) Suppose g is either a Yamabe shrinking soliton with /3 > p/(n - 2) or a Yamabe steady or 
expanding soliton with a > 0. Then 

1 — m rv'(r) 

1 + — mru \> > y r > (3.2) 
2 v(r) 

and w'(r) > Ofor any r > 0. 



Proof: (i), (ii) and (iii) is proved in Proposition 4.1 of IIDS2I1 . For the sake of completeness 
we will give a simple different proof of (i) and (ii) here. As observed in MDS2I1 since the 
scalar curvature satisfies (P. 184 of IISYIP , 



by CD, 



4(n-l) Av m 

R = ~- — 7T- , 3.3 

n-2 v 

R(r) = (l-m)(a + B-^A = a(l - m) 1 1 + fc^^ ] . (3.4) 
\ v{r) J \ v{r) J 

Note that for Yamabe steady soliton and Yamabe expanding soliton we have a = with 
p = and p < respectively. Hence (|2.1|) holds for Yamabe steady soliton with a > and 
for Yamabe expanding soliton with either a>0ora<0<jS. Thus by Lemma IZTl (|2.2[) 
holds for all r > in both cases (i) and (ii). By (|2.2[) and (|3.4[) , (i) and (ii) of the lemma 
follows. 

To prove (iv) we first observe that by the result of MDS21 if g is a Yamabe shrinking 
soliton, then R > 0. This together with (i) imply the first inequality R > of (|3.1[) . We next 
observe that under the hypothesis of (iv) by Lemma IZTl Lemma [2731 and Remark 12.41 we 
have v'(r) < for all r > 0. Hence by (l3!4l) we get (l3~i~l) . 

Suppose g is either a Yamabe shrinking soliton with f} > p/(n - 2) or a Yamabe steady 
or expanding soliton with a > 0. Then by (i), (iii), and (|3.4|) , 

and (|3.2|) follows. Hence 

w'(r) = 2w l ~ m fl + 1 ~ m r ^ j > Vr>0 (3.5) 
and (v) follows. □ 
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Lemma 3.2. Let n > 3, m = i] > 0, (1 > > 0, a = jz^, he such that n$ > a. Suppose v 
is a solution of (|1.4|) , (|1.5|) . Then 



< rV-» < {H 1)(n 2) Vr>0 

P 

and for any < <5 < n(1 _^_ 2 i/zere exz'sfs a constant R\ > 1 swc/z t7iaf 



P 



n-1 

Proo/: We first claim that 



n(l - m) - 2 



-5 



v(r) 



(3.6) 



(3.7) 



lim sup 



z n 1 v{z) dz i 



(3.8) 



r n v(r) n(l -m) -2 

By (v) of Lemma [3TT1 there exists a constant C > such that zt> (r) > C for any r > 1. Hence 

r n v (r) = r"-^w^(r) > Cr n ~^ Vr > 1 (3.9) 
=> r"y(r) — » oo as r — > oo. (3.10) 

We now divide the claim into two cases. 

Jr-CO - 
z" _1 z;(z) dz < oo. 

By (I3TT01 we get CT . 

Case 2: J n z" ~ 1 z;(z) dz = oo. 

Since by (|3.9|) and (v) of Lemma [3TTT 

—(r n v(r)) = (n — \r n ~ 1 v(r) + — ^ — r n ~^w^<(r)w'(r) >(n — \r tl ~ 1 v(r) Vr > 0, 

dr \ 1-m) 1-m V 1-m) 

by the l'Hospital rule, 

r n ~ l v{r) 



fz n ~ l v{z)dz 

lim sup — = lim sup 

r n v(r) 

r— >oo ' ^V' / r— >oo 



<\n 



(n - -^)r n - x v{r) + -^r n i-mwi-™(r)w'(r) 
2 - 1 



1-m 



and CLE} follows. Let < 6 < 



p 

n(l-m)-2 



and let e > be given by 



2(«-l) 
1-m 



P 



n(l -m)-2 



-6 



-l 



2(n - l)(n(l - m) - 2) + £ = (n-l)(n-2) + £ n 



(1 - m)p 



P 



Then e — » as 5 — > 0. By the above claim there exists a constant R\ > 1 such that 



f Q z nl v{z)dz (1-m) 



r n v(r) 



+ 



f z n ~ l v 
Jo 



n(l - m) - 2 nf> — a 
(1-m) 5 

(z) dz < I -rf + 



n(l -m) -2 nf> - a 



Vr >Ri 



r"^) Vr>Ri. 



(3.12) 
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By (ED and (l3l2l) . 



n-1 , l(nB-a){\-m) \ 

-r n -\v m )'{r) < - Br n v{r) + \ ~zt, — „\ „ + 6 ] r"u(r) 



< 



P 



(n - \)v m - 2 v'{r) < - 



y n{l -m)-1 
P 



n(l - m) - 2 
- sj r 1l v(r) Vr > Ri 

-Sir Vr>R x 



n(l -m)-2 

and (|3.7|) follows. Integrating (|3.13|) over (Ki, r) and simplifying, by (|3.11|) , 

1 - m / 



y 1_m (r) ^(^(Ri)'"- 1 + 



m— 1 



/(n-l)(n-2) +£r _ 2 



P 



P 

2(n-l) "\n(l-m)-2 
Vr >R X 



Vr>Ri 



rV"» < 



(n - 1)(« - 2) 



+ e Vr > Ri. 



Hence by (v) of Lemma [3TTT 



H7(r) = rV" m (r) < 



in - l)(n - 2) 
P 



+ e Vr > 0. 



Letting e — > in (|3.14|) we get (|3.6|) and the lemma follows. 



(3.13) 



(3.14) 



□ 



Lemma 3.3. Let n > 3, m = a = and B > > 0. Suppose v is a radially symmetric 
solution of (|1.1|) . TTzen 

fl = lim rV" m (r) 

r— >oo 

exists and < a < 00 • 



Proof: By Lemma l23l (12.101) holds if a > nB and by Lemma |3j2|@2|| holds if nB > a. Hence 
by (v) of Lemma l37fl r 2 z? 1_ " ! (r) converges to some positive number as r — > oo and the lemma 
follows. □ 



Lemma 3.4. Let g = v»+2 dx 2 be a rotationally symmetric metric which satisfies (|1.1|) with m = 

a = which is either a steady Yamabe soliton (p = 0) with a > 0, or a Yamabe expanding 

soliton (p < 0) with a > 0, or a Yamabe shrinking soliton (p > 0) with B > Then 



rv'{r) 



lim 

r->°o v(r) 



1 - m 
1 



if g is a shrinking or steady Yamabe soliton 
if g is an expanding Yamabe soliton. 



(3.15) 
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Proof: By Lemma IZT1 Lemma |23l Remark 12.41 and Lemma l3?fl 



2 rv'(r) 

<— V<0 Vr>0. (3.16) 



1-m v(r) 

Let fa}", be a sequence such that r, — » oo as i — > oo. Then by (|3.16|) has a subsequence 
which we may assume without loss of generality to be the sequence {J'tl^i itself such that 
1j ^Y converges to some number a as i — > oo. Letflo be given by Lemma [33] We now divide 
the proof into three cases. 

Case 1: g is a Yamabe shrinking soliton with /3 > -Ax. 
Then by the l'Hospital rule, 

a = hmrjv (ri) = lim — — — = lim — 

lim (r,) • lim — — — = a a 



2 1 i->oo u(r,) 

2 



a = 



1-m 

Since the sequence {Ti}™ =1 is arbitrary we get 

rv'(r) 2 

lim— V = -q ■ (3-17) 

r-»oo j7(r) 1-m 

Case 2: g is a Yamabe steady soliton with a > 0. 
By Theorem 1.3 of 0, 

rV" m (r) 
lim — = a.\ 

j— ><» log r 

where «i = 2(n - l)(n - 2- mn)/[f}(l - m)\. Then by the l'Hospital rule, 

v i-m( r .) (l-m)v- m (ri)v'(ri) 1-m,. r\v x - n (r-) nv'in) 
fli = lim — r- = lim — — = — lim — lim — — — 

;-»oo f z log Y[ <^°° — 2r . log r; + r. . 2 log Y[ i->°° vyri) 

1-m 
= — a,\a. 

Hence 

2 

a - — 



1-m 

Since the sequence {r,}^ is arbitrary, we get (|3.17|) . 



Case 3: g is a Yamabe expanding soliton with a > 0. 
By Theorem 1.6 of BHD (cf. Theorem 3.2 of IVH ), 



lim r 2 v 2k (r) = a 2 

r— >oo 
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for some constant < a 2 < oo. Then by the l'Hospital rule, 

v 2k (ri) TktP-^tfiTi) 



a 2 = lim 



= lim 



i— >oo f. 



-2r: 



= -khmrfv^irA ■ lim r ' v ^ = -ka 2 a. 

i'^oo f->oo V\Ti) 



Hence 



a = -T 



Since the sequence {ri}^ =1 is arbitrary, we get 

n/(r) 1 
lim—— = - 7 . 

r^oo v(r) k 

By case 1, case 2 and case 3, the lemma follows. 

We are now ready for the proof of Theorem II .21 
Proof of Theorem HT2l Suppose first (|1.6|) holds. Then by (|3.4|) and Lemma l3~4l 



□ 



R = p + 2/5 1 + 



1 - m n/(r)^ 
2 ^(r) , 



p as r 



oo 



(3.18) 



and (i) of Theorem ll.2l follows. If p < and a > 0, then by (|3.4|) and Lemma l3~4l we get (ii) 
of Theorem 11.21 

We next assume that /3 > -Ar > 0. Let flo De as m Lemma 13.31 Then by Lemma 12.31 
Lemma 1521 (1331) and (13T81 , 



w s (s) = ra/(r) = - (R ~ p) ~ * as s = logr — > oo. 



(3.19) 



Let {r ; }~ 1 be such that r ; — > oo as i : — > oo and s, = e n . As proved in HDS21 and [H| w satisfies 



~ 1 -2m w 



73- 



1 — m w n - 1 n - 1 

in (-oo, oo). Hence by Lemma ES (l3T9"1> and (13201) . 



p 2(n - 2 - urn) 

WW q -W H W 



1 - m 



(3.20) 



a 3 = lim w ss (s) = 



«oP 2(n - 2 - «m) 



+ 



n — 1 1 - m 

exists. Suppose a 3 + 0. Without loss of generality we may assume that a 3 > 0. Then 

lim w s (s) = oo 

S— >oo 

which contradicts (|3.19|) . Hence a 3 = 0. Thus 



*oP 2(n - 2 - nm) 



A = 



2(n - l)(n - 2 - nm) (n - l)(n - 2) 



n - 1 1 - m (1- m)p p 

and CCU follows. By (|1.9|) and (v) of Theorem |3.1| we get (|1.10|) and the theorem follows. 



□ 
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4 Positivity and asymptotic behaviour of the sectional cur- 
vature of Yamabe solitons 



In this section we will give a simple proof on the positivity of the sectional curvature 
of rotational symmetric Yamabe solitons of the form g = v^dx 2 in R", n > 3, where v 
satisfies with m = We also find the exact value of the sectional curvature of such 
Yamabe solitons at the origin and at infinity We first prove the following improvement 
of Corollary 4.2 of »DS2l . 

Lemma 4.1. (cf. Corollary 4.2 of /IDS2I/ ) Let g = v^dx 2 be a rotationally symmetric Yamabe 
soliton in R", n > 3, such that v satisfies with m = ^| and a = j^-. Suppose $ > > 
if g is a Yamabe shrinking soliton, and a > if g is a Yamabe steady or expanding soliton. Then 
the scalar curvature R(r) is a strictly decreasing function ofr>0 and R'(r) < Ofor all r > 0. 

Proof: As proved in (O and HDS2L R satisfies 

(n - 1)AR + jg(x • VR)v x - m + R(R - p)v x ~ m = in R" 

where A, V, are the laplacian and gradient with respect to the Euclidean metric in R". 
Hence 

R"{r) + ?-p-R'(r) + -^—v{rf- m rR'{r) = —^-v{rf- m R{r)(R{r) - p) Mr > 



4" ( r n ~ l e^ &™V l - md *R'(r)\ = -^^v{rf- m R(r){R{r) - p)e^ Z^r<»di \/ r > q 
dr\ /n-1 

f z n - l v{z) l - m R{z){R{z) - p)e^ % tv{t)1 "" dx dz 
R'(r) = -- — - Vr>0. (4.1) 

By (i) and (iii) of Lemma [3TT1 the term R(r)(R(r) - p) is always positive. Hence R'(r) < for 
all r > and the lemma follows. □ 

We are now ready for the proof of Theorem II .31 

Proof of Theorem \1.3\ Positivity of the sectional curvature of Yamabe soliton is proved in 
|DS2| . Since the proof in ||DS2 | ] is hard, we will give a simple proof of this result in this 
paper. Similar to |DS2] we let 

s = I zv(t)^ d% and xp(s) = w(s)^ Vs > —oo. 

U — oo 



Then 



_ (loew(s)) s , 
(log w(s)) s = 2xp § , fa = 8 _\" ss (4.2) 

2w(s)2 



and Kq, K\, are given by (P.25 of llDS2l ), 



K = ~, K, = —p-. (4.3) 

if, ^ 
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By (|3TT9> and Lemma IZD 

j3(log^(s)) ss = R s = rR r <0 Vs > -oo. (4.4) 
By ((421), (O and (|4"!4)> . we get 



JC > Vr > 

and 



~ 2j8w ~ 2 J 6rz; 1 - m (r)' 



Let Q(r) = u(r) 1 " m R(r)(R(r) - p)/(n - 1). Then by By (H) and (1431) . 



Ko(0) =lim 



?Rf"ni-™(r\pih £ "to 1- " rfT 



2pr n v 1 - m (r)e 

-i(0) f z"- 1 Q(z)e^ £ ^M 1 ""' dT d z 
• lim 



2^ r^O 

'■ — ™ — " li m i 

2^ r-»o nr"- 1 

R(0)(R(0)-p) 
2j8n(n-l) 
2(} + p 



n(n - 1) 



(4.6) 



Hence Ko(r) > for all r > 0. We will now show that K\ is strictly positive on R". We first 
claim that t/>j(0) = 1. This result is stated without proof in jAKj and BDS21 . For the sake of 
completeness we will give a short simple proof here. By direct computation, 

=* i^ s -(0) = l 

and the claim follows. We next observe that by (|4.2|) and (|4.4|) , i/^ < 0. Hence 



V> ff (s) < ip s (0) = 1 Vs > 0. (4.8) 

By (HZ) and (v) of Lemma HH 



(s) > Vs > 0. (4.9) 
By (|43]>, <pL8]> and 

Ki(r) > Vr > 0. 

By (Q and the l'Hospital rule, 

K t (0) = lim = - lim ^ = Ko(0). (4.10) 
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By dHJ) and (14.101) , we get and Ki > for all r > 0. We will now prove 11.12) . By (iii) 
of Theorem II .21 and the result of HU there exists a constant C > such that 



rV~ m > 



C Vr > 2 if g is a Yamabe shrinking soliton with f> > ^ 

< C log r Vr > 2 if g is a Yamabe steady soliton with a > 
q-IpI/0 Vr > 2 if g is a Yamabe expanding soliton with « > 0. 

Hence we always have 



(4.11) 



(4.12) 



We now divide the proof of (|1.12|) into two cases. 
Case 1: C z n ~ l Q{z)e^ X^) 1 ""^ dz < oo. 
Then by (|4l2)> . 



lim i<Co(r) = lim 



2 J Sr"z; 1 - m (r)e^ TV ^' m dT 



= 0. 



(4.13) 



Case 2: jT z n ^Q{z)e^ % tp(t)1 ""' rfT dz = oo. 
Then by (|4.12|) and the l'Hospital rule, 



where 



lim K (r) = lim — ; = — lim 

P 



E = (r 2 z;(r) 1 - m ) r r"" 2 + r 2 v{r) l - m 



(n - ly-* + r n 



n-1 



rv(r) 



l-m 



(4.14) 



(4.15) 



Since by (v) of Lemma O and Lemma 3.1 of fHL (rV" m (r)) r > for all r > 0, by glBl , 

E > r n - l v{rf- m |(n - 2) + ■J^r 2 v{rf- n ^ . (4.16) 

By (|4l4l> and d4T6b , 



< limXo(r) <-*- lim . - 



1 



lim 



+ (j8/(n - l))r 2 v{rf- m ) 
R(r)(R(r) - p) 



2fi(n - 1) r-^oo n - 2 + (j8/(n - l))r 2 u(r) 
J_ R(r)(R(r)-p) 



(4.17) 



By Theorem II .21 (iv) of Lemma [3TT1 and (|4.11|) , the right hand side of (|4.17[) tends to zero as 
r — > oo and (|1.12|) follows. We will now prove (|1.13|) . We first observe that by (|4.3[) , 



< Ki(r) < 



1 



15 



Vr>0. 



(4.18) 



If g is a Yamabe steady or expanding soliton with a > 0, then by (|4.11|) the right hand side 
of (|4.18|) tends to zero as r — > oo and hence 

limKi(r) = 0. 

r— >oo 

Suppose now g is a Yamabe shrinking soliton with /3 > -^5. Then by (|3.19|) , (|4.2|) and 
Theorem II .21 

R-p 

i/> s -(s) = -> ass = logr^oo. (4.19) 

By (O, d4T9l) and Theorem O 

limK^r) 



(» - 1)(« - 2) 
and the theorem follows. 



□ 
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